Tunneling probability

Consider the following potential energy function.

0, x<0
V(z)=qV, 0<z<L
0, z>1L

Suppose a particle with mass m and energy E < Vj is traveling from left to right along the
x axis. The particle has a Schrodinger equation for each region of V' (z).

h d?

—%@@01 = Ey, x <0
h? d?

—%—dxg% + Vorpe = Erps, 0<z<L
h? d?

—%@% = s, x> L

Ui(z) = Aexp <

Y3(r) = FeXp( 2mEa:> + Gexp

Use the WKB approximation to solve for .

Cancel ¢ by swapping £ and V

o C’exp(/\/ VO_ dx>+Dexp /2(‘22_@@)

Substitute z for [ dz.

Po(x) = Cexp ( Ww) + Dexp <— Wm)

To simplify the formulas let

2mE 2m(Vp — E)
o PV
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and write

Uy (z) = Aexp(ikz) + B exp(—ikx)
ta(z) = Cexp(Bz) + D exp(—pz)
Y3(x) = Fexp(ikx) + G exp(—ikx)

Exponentials of —i represent particles moving from right to left. The B exponential repre-
sents a particle reflected from the boundary at x = 0. There is no particle moving right to

left at > L hence G = 0.

Let us now solve for the coefficients using boundary conditions. Four boundary conditions

are needed to ensure continuity at x =0 and x = L.

%(0) = %(O)
11(0) = 15(0)
U2(L) = 13(L)
(L) = ¢5(L)

From the boundary condition 15(L) = ¢3(L) we have
Cexp(BL) + Dexp(—pL) = Fexp(ikL)
From the boundary condition ¢5(L) = ¢5(L) we have
BCexp(BL) — BD exp(—pL) = ikF exp(ikL)
Add g times (1) to (2) to obtain
28C exp(BL) = (B + ik)F exp(ikL)
Hence

(B + ik)F exp(ikL — L)
26

C —
Add minus § times (1) to (2) to obtain
—2BD exp(—BL) = (—f +ik)F exp(ikL)
Hence
(6 —ik)F exp(ikL + BL)

2p
From the boundary condition ;(0) = 12(0) we have

D=

A+B=C+D
From the boundary condition ¢](0) = 15(0) we have
ik(A— B)=p(C - D)
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Add ik times (5) to (6) to obtain
2ikA = pB(C — D) +ik(C + D)

Hence

pB(C — D) N C+D
2ik 2

Substitute (3) and (4) for C' and D to obtain

A:

A = Fexp(ikL)(cosh(BL) + iysinh(8L)) (7)

1Bk
=3(7-5)

The tunneling probability 7" is the magnitude of the transmitted wave divided by the mag-
nitude of the inbound wave.

where

2
P 1
~ |A]2 |exp(ikL)(cosh(BL) + ivysinh(3L))

Hence 1
T = 8
cosh?(BL) + 42 sinh?(BL) (®)

The result can also be written as
VZsinh®(BL)\

T=(1+-2——"2 9
( 1BV, - B) ) ®)

For small values of T' the following approximation can be used.

- (V&}L exp(?ﬁL)>_1 _ 16E(Vy — E)

Example. For an electron with

E=1eV
Vo=11eV
L = 10~ meter

the tunneling probability is
T =0.053

The approximate value is
T = 0.052

(Ref. “Quantum Tunneling of Particles through Potential Barriers” at phys.libretexts.org)



