
Sine perturbation

Let Ψ(r, t) be the following wave function for a two state system.

Ψ(r, t) = ψa(r)ca(t) exp(− i
ℏEat) + ψb(r)cb(t) exp(− i

ℏEbt)

Let Ĥ(r, t) be the Hamiltonian

Ĥ(r, t) = Ĥ0(r) + Ĥ1(r, t)

where
Ĥ0ψa = Eaψa, Ĥ0ψb = Ebψb, Ĥ0Ψ = (Ea + Eb)Ψ

It was shown that to first order

cb(t) = − i

ℏ

∫ t

0

⟨ψb|Ĥ1|ψa⟩ exp(iω0t
′) dt′, ω0 =

Eb − Ea

ℏ

Let Ĥ1(r, t) be the perturbation

Ĥ1(r, t) = V̂ (r) cos(ωt)

Then by substitution

cb(t) = − i

ℏ
⟨ψb|V̂ |ψa⟩

∫ t

0

cos(ωt′) exp(iω0t
′) dt′

Solve the integral.∫ t

0

cos(ωt′) exp(iω0t
′) dt′ = − i
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Hence

cb(t) = −⟨ψb|V̂ |ψa⟩
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Discard the second term as an approximation since the first term dominates for ω ≈ ω0.

cb(t) = −⟨ψb|V̂ |ψa⟩
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Coefficient cb(t) can also be written as

cb(t) = − i

ℏ
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Hence the transition probability is

Pa→b(t) = |cb(t)|2 =
∣∣⟨ψb|V̂ |ψa⟩
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