Schrodinger from Lagrangian 2

This is the Schrodinger equation for a charged particle.

2
s _ L (Ev _ %A) ¥+ ad

ot 2m \ 1
h? 1 b 2
=V AV AY LA VY s AR oY
2m 2mce 2me 2mc?
Derive the Schrodinger equation from the Lagrangian
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Hence for the Coulomb gauge V - A = 0 the Schrodinger equation is
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Start with the path integral for an action S.

V(xp, 1) = C/R3 exp (%S(b, a)) V(Xa, ta) dXq, /RS = 7 7 7

For a small time interval € = t;, — ¢, we can use the approximation
S =¢€L
and write the path integral as
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Substitute for L.
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Substitute x for x,,.

Y(x,t+e€)=C exp{im?7 —ﬂn A(X—l—ﬂt)—%(b(
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Because the exponential is highly oscillatory for large |n|, most of the contribution to the
integral is from small [n]. Hence use the approximation x + 31 ~ x for small |n).

Y(x,t+¢e)=C g exp (i;nhn — %n A(x,t) — —qﬁ(x t)) Y(x+m,t)dn

Use the approximation exp(y) ~ 1 + y for the exponential of ¢.
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Expand 1 (x + m,t) as the power series

Y(x+n,t) =Y +n-Vi+in* Vi

to obtain

Y(x,t+e) = c/ exp (im" . A) (& +n- Vi + in?V2) dn x (1 - %gb)
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Use the approximation exp(y) &~ 1 4 y to write the solutions this way.
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Discard terms of order €2.
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Substitute C' and I + I + I3 into equation (2) to obtain
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Discard terms of order €2.
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Expand ¢ (x,t + €) as the power series
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Multiply both sides by ihi/e.
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Eigenmath code

Table of Gaussian integrals for negative or imaginary coefficient a.

o0 T 1 b2
/ exp(ay® + by) dy = (_E> * exp (_@>

o ™ 3 b b2
/ yexp(ay® + by) dy = (_E> (—%> exp <_E)
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GO(a,b) = sqrt(-pi / a) exp(-b"2 / (4 a))

Gil(a,b) = sqrt(-pi / a) (-b / (2 a)) exp(-b"2 / (4 a))

G2(a,b) = sqrt(-pi / a) (-1 / (2 a) (1 -Db"2/ (2 a)) exp(-b"2 / (4 a))
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a=1im/ (2 hbar epsilon)
b =-iq / (hbar c¢)
I1 = GO(a, b Ax) GO(a, b Ay) GO(a, b Az) psi
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I2 = G1(a, b Ax) GO(a, b Ay) GO(a, b Az) d(pSi(),X) +
GO(a, b Ax) Gi(a, b Ay) GO(a, b Az) d(pSi(),y) +
GO(a, b Ax) GO(a, b Ay) Gi(a, b Az) d(psiQ,=z)
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I3 = G2(a, b Ax) GO(a, b Ay) GO(a, b Az) 1/2 d(psi(),x,x) +
GO(a, b Ax) G2(a, b Ay) GO(a, b Az) 1/2 d(psiQ),y,y) +
GO(a, b Ax) GO(a, b Ay) G2(a, b Az) 1/2 d(psi(),z,z)

-- discard terms of order C epsilon”2

I3 = eval(I3,epsilon~(7/2),0)



