
Rotation operator part 2

Let R be the matrix

R =

(
1 −θ/n

θ/n 1

)
Show that

lim
n→∞

Rn =

(
cos θ − sin θ
sin θ cos θ

)
The problem is simplified by diagonalizing R as follows.

Solve for λ in
|R− λI| = 0

to obtain eigenvalues

λ = 1± iθ

n
Solve for eigenvectors to obtain

1√
2

(
±1
−i

)
Hence matrix R is diagonalized as

R = QDQ−1

where D is the diagonal matrix of eigenvalues

D =

(
1 + iθ/n 0

0 1− iθ/n

)
and Q is the matrix of eigenvectors

Q =
1√
2

(
1 −1
−i −i

)
Noting that

Rn =
(
QDQ−1

)n
= QDQ−1QDQ−1 · · ·QDQ−1 = QDnQ−1

we have
lim
n→∞

Rn = Q
(
lim
n→∞

Dn
)
Q−1

By definition of exponential we have

lim
n→∞

(
1± iθ

n

)n

= e±iθ

Hence

lim
n→∞

Dn =

(
eiθ 0
0 e−iθ

)
and

lim
n→∞

Rn = Q

(
eiθ 0
0 e−iθ

)
Q−1 =

1

2

(
eiθ + e−iθ ieiθ − ie−iθ

−ieiθ + ie−iθ eiθ + e−iθ

)
=

(
cos θ − sin θ
sin θ cos θ

)
(1)
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https://georgeweigt.github.io/examples/rotation-operator-part-2-demo.html

