
Probability current

Given the probability current

J =
iℏ
2m

(Ψ∇Ψ∗ −Ψ∗∇Ψ)

show that

∇ · J = − ∂

∂t
|Ψ|2

Recall that
∇ · ∇ = ∇2

By the product rule for divergence we have

∇ · (Ψ∇Ψ∗) = ∇Ψ · ∇Ψ∗ +Ψ∇2Ψ∗

Hence

∇ · J =
iℏ
2m

(
Ψ∇2Ψ∗ −Ψ∗∇2Ψ

)
(1)

By the Schrödinger equation
∂Ψ

∂t
=

iℏ
2m

∇2Ψ− i

ℏ
VΨ

we have
∂

∂t
|Ψ|2 = Ψ∗∂Ψ

∂t
+Ψ

∂Ψ∗

∂t
=

iℏ
2m

(
Ψ∗∇2Ψ−Ψ∇2Ψ∗) (2)

Hence by (1) and (2)

∇ · J = − ∂

∂t
|Ψ|2
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