Photoelectric effect

Let 1, (r) be the ground state for hydrogen.

alr) = —— exp(—r/a)

mad

Let 1(r) be the wave function for a free electron.

y(r) = L:a exp(ik - r) = L exp(tkr cos )

Vi Vi

Find the transition rate R,_,; using Fermi’s golden rule

(o Hi[0a)|? p(Ep)

2
Ra—>b - ? |

§1
Start by finding the perturbing Hamiltonian H;.

We have for a particle with charge ¢

1
H=—((p—-—qA) - (p—qA
5 (P —aA)-(p—qA)
Expand the inner product.
1
H:—2 (P2 —Pp-qA — qA -p + ¢*A?)
m

Hence the first-order perturbation is

q
H=—-—pP-A+A-
1=—5-(P-A+Ap)
For an electron we have ¢ = —e.
e
H=—P A+A-
1=5-(P-A+A-p)

For any wave function ¥(r,t)
(p-A+ A -p)(r,t) =2A - pY(r,t) —ilp(r,t)V - A
Hence for the Coulomb gauge V - A = 0 we have the identity
pP-A+A-p=2A-p
Hence

Hi=—A-p
m



§2

Let E be the electric field
E = Epsin(k -r —wt) e

where € is a polarization vector such that |e| =1 and k- € = 0.

Then the magnetic vector potential A is

E
A=-—"cos(k-r—wt)e

w
so that in SI units 5
E=—-—A
ot
Hence E
H, = ‘A p:—ucos(k-r—wt)ep
m mw
In exponential form
E E
Hy =— il exp(tk - r —iwt)e-p — €0 exp(—tk-r+iwt)e-p
2mw 2mw
Use the dipole approximation exp(ik - r) ~ 1.
E E
H, = _;mfu exp(—iwt) € - p — ;mfu exp(iwt) € - p
Go back to cosine form. 5
H, = el cos(wt) € - p
mw
By the identity _
im
p= f(Hor —rH))
we have ,
im
(Welplta) = —=(Eb — Ea) (¢s[r|¢a)
Hence w
H, = —ieEy— cos(wt) € - r
w
where
By, - E,

wn =
¢ h

For the photoelectric effect we have wy = w hence
H, = —ieEycos(wt) € - r

Rotate the lab frame so that € - r = 2.

H, = —ieEycos(wt) z
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§3
For perturbing Hamiltonians of the form
H, = V(r) cos(wt)

we have
(10| Hi[1a)|* = | Hpal?

where Hy, is the transition amplitude

1
5 [ v,

Hence for
V(r) = —ieEyz

we have in polar coordinates

zeEo 2
Hyy = — .
ba 5 Tap / / / exp(ikr cos — r/a) zr? sin 0 dr df d¢

Integrate over ¢ (multiply by 27).

: 1 [ : 2 .
Hy, = —'meEom/o /0 exp(tkr cos@ — r/a) zr sin 0 dr d

Change of variable u = cos 6.

00 1
H,, = —imeFE), / / exp(ikru — r/a) zr? dr du
-1

1
vradld Jo

Solve the integral over w.

Hy, = —imeFEy exp (ikr —r/a) — exp(—ikr —r/a)] zr* dr

Va3l
Cancel 7 and 7.

1 1 [
Tk /0 lexp(ikr —r/a) — exp(—ikr — r/a)] zr dr

Substitute z = r cos 6. This 6 is different from 6 in k - r = kr cos 6.

/000 [exp(ikr — r/a) — exp(—ikr —r/a)] r* dr

Hy, = —meky

1  cos@

Vradld k

Hba = —7T€E0

Solve the integral.

1 0 2 2
Hba = —7T€E0 o8 |:—( :|

JraB k| (k=10 " (Sik—=1/a)?
Rewrite as
Hy, = —meky

16 4 }

0ia* —
cosvia [(a2k2—|—1)3 (a2k2 + 1)2

1
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§4

For the transition density we have

5 2
2 2 9220 2 16 4
| (Vo Hi[ta)|” = |Hpa|” = me Eol—3COS 0 {(agkz T 1)° - (a2k? + 1)21 (6)

Hence by Fermi’s golden rule

2w
Rosp = 5 |<¢b|H1|¢a>|2P(Eb)
o2 9 a® 16 4 2
= 2 e2F%27 cog? — E
po© By cos [(a2k2+1)3 (a2k2+1)2] P(Er)

The density of states for a free electron is

e () B (1) 3

h3 21 ) aahc
Hence . ) )
T 16
Ry = m@ EO cos” 6 |:(a2/€2 T 1)3 — (a2k2 T 1>21 (8)
§5
Verify dimensions.
a =1
a = [m]
k= [m™]
o=
e =|[C]
Ey=[NC =[kgms2C™]
h=[Js] =[kgm?s™!]
k [m™!] 1
aahc  [m][Js][ms™t  [J] [m3]
Ry = o 1O e — oy )

Eigenmath script


https://georgeweigt.github.io/examples/photoelectric-effect-demo.html

