
Perturbation example

Let

ċa = − i

ℏ
cbHab(t)e

−iωt

ċb = − i

ℏ
caHba(t)e

iωt

Find second order solutions c
(2)
a (t) and c

(2)
b (t) for ca(0) = a and cb(0) = b. (See Griffiths and

Schroeter problem 11.6.)

First order:

ċ(1)a = − i

ℏ
cbHab(t)e

−iωt

∣∣∣∣
cb=b

= −ib

ℏ
Hab(t)e

−iωt

ċ
(1)
b = − i

ℏ
caHba(t)e

iωt

∣∣∣∣
ca=a

= −ia

ℏ
Hba(t)e

iωt

(1)

Hence

c(1)a (t) = a+

∫ t

0

ċ(1)a (t′) dt′ = a− ib

ℏ

∫ t

0

Hab(t
′)e−iωt′ dt′

c
(1)
b (t) = b+

∫ t

0

ċ
(1)
b (t′) dt′ = b− ia

ℏ

∫ t

0

Hba(t
′)eiωt

′
dt′

(2)

Second order:

ċ(2)a = − i

ℏ
cbHab(t)e

−iωt

∣∣∣∣
cb=c

(1)
b

= −ib

ℏ
Hab(t)e

−iωt − a

ℏ2
Hab(t)e

−iωt

∫ t

0

Hba(t
′)eiωt

′
dt′

ċ
(2)
b = − i

ℏ
caHba(t)e

iωt

∣∣∣∣
ca=c

(1)
a

= −ia

ℏ
Hba(t)e

iωt − b

ℏ2
Hba(t)e

iωt

∫ t

0

Hab(t
′)e−iωt′ dt′

(3)

Hence

c(2)a (t) = a+

∫ t

0

ċ(2)a (t′) dt′

= a− ib

ℏ

∫ t

0

Hab(t
′)e−iωt′ dt′ − a

ℏ2

∫ t

0

Hab(t
′)e−iωt′

[∫ t′

0

Hba(t
′′)eiωt

′′
dt′′

]
dt′ (4)

and

c
(2)
b (t) = b+

∫ t

0

ċ
(2)
b (t′) dt′

= b− ia

ℏ

∫ t

0

Hba(t
′)eiωt

′
dt′ − b

ℏ2

∫ t

0

Hba(t
′)eiωt

′

[∫ t′

0

Hab(t
′′)e−iωt′′ dt′′

]
dt′ (5)
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