
Orbital angular momentum 2

For l = 1 and l = 2, find eigenfunctions ψl,m such that

Lxψl,m = mℏψl,m

where

Lx = iℏ
(
sinϕ

∂

∂θ
+ cosϕ cot θ

∂

∂ϕ

)
The ψl,m are linear combinations of spherical harmonics. For spherical harmonics Yl,m and
ladder operators L+ and L− we have

LxYl,m = 1
2
(L+ + L−)Yl,m =

ℏ
2

(
c+l,mYl,m+1 + c−l,mYl,m−1

)
where

c+l,m =
√
l(l + 1)−m(m+ 1)

c−l,m =
√
l(l + 1)−m(m− 1)

Hence for l = 1 we have  LxY1,1

LxY1,0

LxY1,−1

 = ℏMx

 Y1,1

Y1,0

Y1,−1


where

Mx =
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2

 0 c+1,0 0
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The following xm are the eigenvectors of Mx where m is the eigenvalue.

x1 =


1
2
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2
1
2

 , Mxx1 = x1

x0 =


− 1√

2

0
1√
2

 , Mxx0 = 0

x−1 =

−1
2

1√
2

−1
2

 , Mxx−1 = −x−1
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For eigenfunctions ψ1,m we have

ψ1,m = xm ·

 Y1,1

Y1,0

Y1,−1


Hence

ψ1,1 =
1

2
Y1,1 +

1√
2
Y1,0 +

1

2
Y1,−1, Lxψ1,1 = ℏψ1,1

ψ1,0 = − 1√
2
Y1,1 +

1√
2
Y1,−1, Lxψ1,0 = 0

ψ1,−1 = −1

2
Y1,1 +

1√
2
Y1,0 −

1

2
Y1,−1, Lxψ1,−1 = −ℏψ1,−1

For l = 2

Mx =
1

2



0 c+2,1 0 0 0

c−2,2 0 c+2,0 0 0

0 c−2,1 0 c+2,−1 0

0 0 c−2,0 0 c+2,−2

0 0 0 c−2,−1 0


=
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The following xm are the eigenvectors of Mx where m is the eigenvalue.
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, Mxx2 = 2x2
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, Mxx−1 = −x−1
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−
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, Mxx−2 = −2x−2

For eigenfunctions ψ2,m we have

ψ2,m = xm ·



Y2,2

Y2,1

Y2,0

Y2,−1

Y2,−2
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Hence

ψ2,2 =
1

4
Y2,2 +

1

2
Y2,1 +

√
3

2
√
2
Y2,0 +

1

2
Y2,−1 +

1

4
Y2,−2, Lxψ2,2 = 2ℏψ2,2

ψ2,1 = −1

2
Y2,2 −
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Y2,1 +

1
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Y2,−1 +

1

2
Y2,−2, Lxψ2,1 = ℏψ2,1

ψ2,0 =

√
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2
√
2
Y2,2 −
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2
Y2,0 +

√
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2
√
2
Y2,−2, Lxψ2,0 = 0

ψ2,−1 = −1

2
Y2,2 +

1

2
Y2,1 −

1

2
Y2,−1 +

1

2
Y2,−2, Lxψ2,−1 = −ℏψ2,−1
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4
Y2,−2, Lxψ2,−2 = −2ℏψ2,−2
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