
Laplace transform example 2

Let Ψ(r, t) be the following wave function for a two state system.

Ψ(r, t) = ψa(r)ca(t) exp(− i
ℏEat) + ψb(r)cb(t) exp(− i

ℏEbt)

Let Ĥ(r, t) be the Hamiltonian

Ĥ(r, t) = Ĥ0(r) + Ĥ1(r, t)

where
Ĥ0ψa = Eaψa, Ĥ0ψb = Ebψb, Ĥ0Ψ = (Ea + Eb)Ψ

From the Schrödinger equation

iℏ
∂

∂t
Ψ = ĤΨ

we obtain the differential equations

d

dt
ca(t) = Haaca(t) +Habcb(t) exp(−iω0t) (1)

d

dt
cb(t) = Hbbcb(t) +Hbaca(t) exp(iω0t) (2)

where

Hjk = − i

ℏ
⟨ψj|Ĥ1|ψk⟩, ω0 =

Eb − Ea

ℏ
Solve for ca(t) and cb(t) in equations (1) and (2) for initial conditions ca(0) = 1 and cb(0) = 0.

Start with the following Laplace transforms for (1) and (2).

sCa(s)− ca(0) = HaaCa(s) +HabCb(s+ iω0) (3)

sCb(s)− cb(0) = HbbCb(s) +HbaCa(s− iω0) (4)

Use equation (3) to solve for Ca(s) with ca(0) = 1.

Ca(s) =
HabCb(s+ iω0)

s−Haa

+
1

s−Haa

Solve for Ca(s− iω0).

Ca(s− iω0) =
HabCb(s)

s− iω0 −Haa

+
1

s− iω0 −Haa

(5)

Substitute (5) into (4) to obtain

sCb(s)− cb(0) = HbbCb(s) +Hba

(
HabCb(s)

s− iω0 −Haa

+
1

s− iω0 −Haa

)

1



It follows that for cb(0) = 0

Cb(s)

[
s−Hbb −

HabHba

s− iω0 −Haa

]
=

Hba

s− iω0 −Haa

Multiply both sides by s− iω0 −Haa.

Cb(s) [(s−Hbb)(s− iω0 −Haa)−HabHba] = Hba

Hence

Cb(s) =
Hba

(s−Hbb)(s− iω0 −Haa)−HabHba

Expand the denominator.

Cb(s) =
Hba

s2 − (Haa +Hbb + iω0)s+HaaHbb −HabHba + iHbbω0

Inverse Laplace transform:

1

s2 + as+ b
⇒ 2

k
sin

(
kt

2

)
exp

(
−at

2

)
, k =

√
4b− a2

Hence for
a = −(Haa +Hbb + iω0), b = HaaHbb −HabHba + iHbbω0

we have

cb(t) =
2Hba

k
sin

(
kt

2

)
exp

(
−at

2

)
Use equation (2) to solve for ca(t).

ca(t) =

[
cos

(
kt

2

)
− a+ 2Hbb

k
sin

(
kt

2

)]
exp(−iω0t) exp

(
−at

2

)
For the typical case of Haa = Hbb = 0 the solutions simplify as

ca(t) =

[
cos

(
kt

2

)
+
iω0

k
sin

(
kt

2

)]
exp

(
−iω0t

2

)
(6)

cb(t) =
2Hba

k
sin

(
kt

2

)
exp

(
iω0t

2

)
(7)
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