Laplace transform example 2
Let U(r,t) be the following wave function for a two state system.
U(r,t) = o (r)ca(t) exp(—£ Eqt) 4 1hy(r)cy(t) exp(— £ Ept)
Let H(r,t) be the Hamiltonian
H(r,t) = Hy(r) + Hy(r,1)

where

Hotbo = Eqth,  Hothy = Eythy, HoU = (E, + E,)¥

From the Schrodinger equation
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we obtain the differential equations
d .
Eca(t) = Hyoco(t) + Hapcp(t) exp(—iwpt) (1)
d .
Ecb(t) = Hyppep(t) + Hpaco(t) exp(iwot) (2)
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Solve for ¢,(t) and ¢(t) in equations (1) and (2) for initial conditions ¢,(0) = 1 and ¢,(0) = 0.
Start with the following Laplace transforms for (1) and (2).
5Ca(s) — ca(0) = HuaCa(s) + HapCh(s + iwo) (3)
sCy(s) — (0) = HppCy(s) + Hpo Co(s — iwp) (4)
Use equation (3) to solve for C,(s) with ¢,(0) = 1.
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Solve for C,(s — iwy).

Habe(S) i 1

Cu(s —iwg) = : :
s—iwyg— Hyy §—iwg— Hgy,

Substitute (5) into (4) to obtain

sCy(s) — ¢(0) = HpCh(s) + Hpq < Hap,Cy(s) N 1 )

s—iwg— Hy,y s—1twyg— Hyy,



It follows that for ¢,(0) =0

Habea . Hba
s — 1wy — Hyy, s —iwy — Hyy,

Cb<8) S — be —

Multiply both sides by s — twy — Hgq-
Cy(s) [(s — Hyp) (s — iwy — Haa) — HapyHya] = Hyg

Hence
Hba

Cb(S) - (3 - be)<5 - in - Haa) - Habea

Expand the denominator.

Hba
§2 — (Haa + Hpp + iwg)s + Hoo Hyy — HapHpo + 1 Hppwo

Ci(s) =
Inverse Laplace transform:
1 2 kt at
— = —sin|— —— k= +v4b — a?
s2+as+b ksm(Q)eXp( )’ ¢
Hence for

we have

Use equation (2) to solve for ¢,(t).

cat) = [cos (%) - %ﬂ{b" sin (%)} exp(—iwot) exp (_%t)

For the typical case of H,, = Hy, = 0 the solutions simplify as

= (8) o (5 o (22)
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