
Klein-Gordon equation

Start with relativistic energy.
E =

√
p2c2 +m2c4

Square both sides.
E2 = p2c2 +m2c4

Substitute iℏ∂/∂t for E and −iℏ∇ for p.(
iℏ
∂

∂t

)2

= (−iℏ∇)2 c2 +m2c4

Reform the operators.

−ℏ2
∂2

∂t2
= −ℏ2c2∇2 +m2c4

Rearrange.

ℏ2
(
− ∂2

∂t2
+ c2

∂2

∂x2
+ c2

∂2

∂y2
+ c2

∂2

∂z2

)
= m2c4

Hence the Klein-Gordon equation.

ℏ2
(
− ∂2

∂t2
+ c2

∂2

∂x2
+ c2

∂2

∂y2
+ c2

∂2

∂z2

)
ψ = m2c4ψ

Let P be the momentum vector

P =


E/c
px
py
pz


Let X be the position vector

X =


ct
x
y
z


Let ψ be the scalar function

ψ = A exp

(
− i

ℏ
P ·X

)
+B exp

(
i

ℏ
P ·X

)
where

P ·X = P µgµνX
ν = Et− pxx− pyy − pzz

Show that ψ solves the Klein-Gordon equation.
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Verify dimensions.

ℏ2
∂2

∂t2
= [J s]2

1

[s]2
= [J]2

ℏ2c2
∂

∂x2
= [J s]2

[m]2

[s]2
1

[m]2
= [J]2

m2c4 = [J]2

Eigenmath script
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https://georgeweigt.github.io/examples/klein-gordon-equation-demo.html

