Harmonic oscillator action

This is the Lagrangian for a harmonic oscillator.
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The first step is to derive x(t) and &(¢) from L and the Euler-Lagrange equation
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From L we have
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g - 5y = W
and by Euler-Lagrange
i(t) = —wx (1)

The well-known solution to (1) is
x(t) = Asin(wt) + B cos(wt)
We have the following boundary conditions.
2(0) = 24, 2(T) = (2)
Solve for B.
B =z(0) =z,

For z(T) we have
z(T) = Asin(wT) + B cos(wT)

Solve for A.
s x(T) — Beos(wT')  xp — x4 cos(wT)
B sin(wT) B sin(wT)

Hence the equation of motion is

x(t) = Asin(wt) + B cos(wt)

xp — x4 cos(wT)

= sn(@T) sin(wt) + x, cos(wt) (3)
Take the time derivative of z(t) to obtain 2(t).
d — T T :
x(t) = Ex(t) S sii(izo;gw )w cos(wt) — x,w sin(wt) (4)
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The action is
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Use integration by parts to solve the first integral. Let

so that

The integral transforms as
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Hence
§=7 (i:(T)x(T) — #(0)2(0) — /0 ded - /0 " dt)

The remaining integrals cancel by # = —w?z from equation (1) leaving
m.,. .
§ = " (HD)a(T) - i(0)(0))
From the boundary conditions (2)
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S = 5 (&(T)xy — (0)z,)

From equation (3)
Ty — T4 cos(wT))

#(0) = “

sin(wT)
and ( (T )
) ~ w(xpcos(wT) — 2,
#HT) = sin(wT')
Hence
S = %(ZT) [(azb cos(wT') — xa)xb — (a:b — 2, cos(wT))a:a]
— 28%% ((z7 + 22) cos(wT) — 2xpx,)



