
Harmonic oscillator 4

Let Xkj and Pkj be the matrix elements

Xkj =

∫ ∞

−∞
ψ∗
kxψj dx

Pkj =

∫ ∞

−∞
ψ∗
kpψj dx

From the previous section we have for xψj and pψj

xψj =

√
ℏ

2mω

(√
j + 1ψj+1 +

√
jψj−1

)
pψj = i

√
mℏω
2

(√
j + 1ψj+1 −

√
jψj−1

)
Hence by orthogonality of ψk and ψj

Xkj =

∫ ∞

−∞
ψ∗
kxψj dx =

√
ℏ

2mω

(√
j + 1δk,j+1 +

√
jδk,j−1

)
Pkj =

∫ ∞

−∞
ψ∗
kpψj dx = i

√
mℏω
2

(√
j + 1δk,j+1 −

√
jδk,j−1

)
For 4× 4 matrices

X =

√
ℏ

2mω


0 1 0 0

1 0
√
2 0

0
√
2 0

√
3

0 0
√
3 0



P = i

√
mℏω
2


0 −1 0 0

1 0 −
√
2 0

0
√
2 0 −

√
3

0 0
√
3 0


For the commutator [X,P ] we obtain

XP − PX =


iℏ 0 0 0
0 iℏ 0 0
0 0 iℏ 0

0 0 0 −3iℏ

 = iℏ

The boxed value is incorrect due to finite matrix size.

Let H be the harmonic oscillator Hamiltonian.

H =
P 2

2m
+

1

2
mω2X2

1



The result is

H =


1
2
ℏω 0 0 0
0 3

2
ℏω 0 0

0 0 5
2
ℏω 0

0 0 0 3
2
ℏω

 =
(
n+ 1

2

)
ℏω

The boxed value is incorrect due to finite matrix size.

Let Ψ be the normalized state

Ψ = c0ψ0 + c1ψ1 + c2ψ2 + · · ·

Let us compute the expected value of x for state Ψ.

⟨x⟩ =
∫ ∞

−∞
Ψ∗xΨ dx

Expand the integrand.

⟨x⟩ =
∫ ∞

−∞

(∑
k

c∗kψ
∗
k

)
x

(∑
j

cjψj

)
dx

Hence

⟨x⟩ =
∑
k

∑
j

c∗kcj

∫ ∞

−∞
ψ∗
kxψj dx

=
∑
k

∑
j

c∗kcjXkj

For example, let C be the coefficient vector

C =
1√
2


1
1
0
0


such that

C†C = 1

Then

⟨x⟩ = C†XC =

√
ℏ

2mω
(1)

Eigenmath script
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https://georgeweigt.github.io/examples/harmonic-oscillator-4-demo.html

