Eigenvalues of angular momentum

We will derive eigenvalues of L? and L, from the following commutation relations.
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Start by defining ladder operators L, and L_.
Ly=L,+1L,
L_=1L,—1iL,
We have the following commutation relations for ladder operators.
(L, L] = [Lz; La] + i[Lz, Ly

= thL, + i(—ihL,)
- hL+

[LmL—} = [sz Lfc] - i[LmLy]
= ihL, — i(—ihL,)
= —hL_

We also have
L L;=(L,—iL,)(L,+iL,)
=L+ Lj +4[Ly, L]
=1?—-L*>-hL,

L.L_=(L,+iL,)(L, —iL,)

=12+ Lj —i[L,, L,
=L*—L>+hL,

Operators L? and L, commute hence they share eigenfunctions .

Let A be an eigenvalue of L? and let 4 be an eigenvalue of L, such that

L* =\
and
We will now show that
A > ,u2



By definition of L? we have

L= (L2+ L2+ L2) 4
Substitute A for L? and y for L, to obtain

Mo = (L + L)+ 1) ¥

Rewrite as
L2+ L)y =(A—p?)

The eigenvalues of squared Hermitian operators are nonnegative hence A — u? > 0. Hence

A > ,u2
The property A > p? means that p has an upper limit.

Let p,, be the maximum . Then for eigenfunction ), we have

szm - ,U/ml/Jm

Apply L, to both sides.
L-&-quvz)m = HmL+¢m
Expand the left hand side.
(LZL+ —L.Li + L+Lz)¢m = pmLyPm

Substitute ALy for [L,, Ly].

L.Litby, — RL Y = pm Ly b,

Hence
L.Lipm = (:Um + h)Lerm

Because pi,, is the maximum eigenvalue and pu,, + h > p,, we must have
L—l-wm =0

Consequently
L L, =0

Recalling that
L L,=L*-1L>-hL,

we have
(L* = L2 = hL.)m = (A = pip, — hpton )0 = 0
Hence

Let py be the minimum p. Then for eigenfunction v, we have

L.y = iy,
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Apply L_ to both sides.
L_L.x = p Lty

Expand the left hand side.
(Lsz —L.L_+ Lsz)wk = ,umwak
Substitute —AL_ for [L,, L_].

L.L_ 4y, + hL_1y, = ppL_y,

Hence
L.L 9 = (,Uk - h)Lka

Because i, is the minimum eigenvalue and p — h < pi we must have
L ¢p=0

Consequently
L L 9, =0

Recalling that
Ly L_=1L*>-L*+hL,

we have
(L* = L2+ RL)ty = (A = o+ by ) = 0
Hence
A= pi — b, (2)
By equivalence of (1) and (2) we have
Hiy + Tftn — pii; + Top, = 0 (3)

By ladder operators there is an integer n such that

o = g + 1l
Substitute py + nh for p,, in (3) to obtain

pii + 2punh 4+ n?h? + By + nh® — pg + hyg = 0
Cancel p7 and rewrite the remaining terms as
2ur(n + DA+ n(n+1)hR* =0

Divide through by (n + 1)A to obtain

2u +nh =0

Hence



and

P = p +nh = —
Define quantum number [ as
| = g =0,11,8 2,
Then
i = LR

By equation (1) we have
A= 12+ pmh = (10)* + 10> = 1(1 4+ 1)h?
Hence (I + 1)k? are eigenvalues of L?.
L2 = Mp = 1(1 4+ 1)h*)
For a given [, operator L, has eigenvalues
W= ey ey b = —lh, (=L + )R, ..., (I = 1)k, Ik
Define quantum number m as
m=—l,—-l+1,...,1—1,1

Then
u=mh

Hence mh are eigenvalues of L.

Eigenmath code


https://georgeweigt.github.io/examples/eigenvalues-of-angular-momentum-demo.html

