
Dirac spinors

Let ϕ be the field
ϕ = pxx+ pyy + pzz − Et

where
E =

√
p2xc

2 + p2yc
2 + p2zc

2 +m2c4

Fermion fields are the following solutions to the Dirac equation.

ψ1 =
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0
pz

px + ipy


fermion spin up
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ℏ

)
ψ2 =
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fermion spin down
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(
iϕ

ℏ

)

ψ7 =
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anti-fermion spin up
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)
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anti-fermion spin down
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A spinor is the vector part of ψ.

u1 =


E/c+mc

0
pz

px + ipy


fermion spin up

u2 =


0

E/c+mc
px − ipy
−pz


fermion spin down

v1 =


pz

px + ipy
E/c+mc

0


anti-fermion spin up

v2 =


px − ipy
−pz
0

E/c+mc


anti-fermion spin down

This is the spacetime momentum vector p.

p =


E/c
px
py
pz


Spinors are solutions to the momentum-space Dirac equations

/pu = mcu, /pv = −mcv

where

/p = pµgµνγ
ν
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Up and down spinors have the following completeness property.

u1ū1 + u2ū2 = (E/c+mc)(/p+mc)

v1v̄1 + v2v̄2 = (E/c+mc)(/p−mc)

Spinor adjoints are
ū = u†γ0, v̄ = v†γ0

hence uū and vv̄ are outer products that form 4× 4 matrices.
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