
Bloch sphere

Let |s⟩ be the spin state

|s⟩ =
(

cos(θ/2)
sin(θ/2) exp(iϕ)

)
The expectation values for |s⟩ are

⟨Sx⟩ = ⟨s|Sx|s⟩ =
ℏ
2
sin θ cosϕ

⟨Sy⟩ = ⟨s|Sy|s⟩ =
ℏ
2
sin θ sinϕ

⟨Sz⟩ = ⟨s|Sz|s⟩ =
ℏ
2
cos θ

In vector form

⟨S⟩ = ⟨s|S|s⟩ = ℏ
2

sin θ cosϕ
sin θ sinϕ

cos θ


In spherical coordinates ⟨S⟩ = (ℏ/2, θ, ϕ). Hence ⟨S⟩ is a point on a sphere of radius ℏ/2.
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To show completeness, let |χ⟩ be a vector in C2 such that ⟨χ|χ⟩ = 1.

|χ⟩ =
(

A exp(iϕ1)√
1− A2 exp(iϕ2)

)
0 ≤ A ≤ 1

Substitute cos(θ/2) for A and sin(θ/2) for
√
1− A2.

|χ⟩ =
(
cos(θ/2) exp(iϕ1)
sin(θ/2) exp(iϕ2)

)
0 ≤ θ ≤ π

Spin |s⟩ is a phase of |χ⟩ with ϕ = ϕ2 − ϕ1.

|s⟩ = exp(−iϕ1)|χ⟩ =
(

cos(θ/2)
sin(θ/2) exp(iϕ)

)
1



By equality of expectation every |χ⟩ has a place on the Bloch sphere.

⟨S⟩ = ⟨χ|S|χ⟩ = ⟨s|S|s⟩
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https://georgeweigt.github.io/examples/bloch-sphere-demo.html

