Atomic transitions 1

Let ¥(r,t) be the following linear combination of two wave functions where ¢, (t) and ¢ (t)

are dimensionless time-dependent coefficients such that |c,(¢)|? + |cp(t)|> = 1.
U(r,t) = ca(t)a(r) exp (—LEat) + cp(t)s(r) exp (— L Ept)

Let the Hamiltonian be
H(r,t) = Ho(r) + Hi(r,t)

where

Hoq = Eqpa,  Hothy = Epiy

We want to find solutions for ¢,(t) and ¢,(¢). Start with the Schrédinger equation.
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Evaluate the left side of the Schrodinger equation.

cancels with other side of Schrédinger equation

-~

O = Buca (0l xp (3 Bat) + B 1)0n(x) exp (1 )

+ ihéq (t)Ya(r) exp (— £ Eqt) + ihcy(t) s (r) exp (— 1 Ept)

Evaluate the right side of the Schrodinger equation.

cancels with other side of Schrédinger equation
7\

HU = Eaca(t)wa(r) exp (=1 Eat) + Eycy (1) (r) exp (_%Ebt)‘ +H

After cancellations
ihéa(t)a(r) exp (— 1 Egt) + ihcy(t)y(r) exp (— 1 Ept) = H ¥
Evaluate the inner product of 1, and equation (1) to obtain

ihcq(t) exp (—LE,t)

= (Ya|H1|¥) = cq(t) (Yo Hi[1ha) exp (_%Eat> + ¢y (t) (Va| H1|thy) exp <_;%Ebt) (2)

Evaluate the inner product of 1, and equation (1) to obtain

ihicy(t) exp (— £ Ept)

= (| H1| W) = co(t) (1p| Hy|ta) exp (— L Eqt) + c(t) (o] Hi[thp) exp (— £ Ept)  (3)

Let it be the case that the following amplitudes vanish.

(Vo Hi[tha) =0, (3bp|Hy|thy) = 0



Then equations (2) and (3) simplify as

ihcq(t) exp (=L Eqt) = cp(t) (Y| Hi|tw) exp (— L Eyt)
ihcy(t) exp (—LEpt) = co(t) (| Hi|tba) exp (— L E,t)

Let B, > E, and let

 E,—E,
Wy = 7
Rewrite equation (4) as
Gult) = — 5 1) (| ER ) exp( i)
6o(1) =~ calt) (6| Hal) explior)

Let the initial conditions be ¢,(0) = 1 and ¢,(0) = 0. It was shown in “Perturbation example”
that the first-order perturbation solutions are

co(t) =1

i

olt) =~ /0 (| L (0, £ 160) exp (ot di’

The integral is not as bad as it looks because 1, (r) and 1, (r) are independent of time ¢. For
H,(r,t) representing an electric plane wave, the integrand reduces to a simple exponential
of ¢’ which is easily solved.



